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DAVIES-GAFFNEY-GRIGOR’YAN LEMMA ON
SIMPLICIAL COMPLEXES
BOBO HUA AND XIN LUO
Abstract. We prove Davies-Gaffney-Grigor’yan lemma for heat ker-
nels of bounded discrete Hodge Laplacians on simplicial complexes.
1. introduction
The Davies-Gaffney-Grigor’yan Lemma, denoted as DGG Lemma in
short below, is useful for heat kernel estimates on both manifolds and
graphs. The DGG lemma on manifolds can be described as follows
Lemma 1.1 (Davies-Gaffney-Grigor’yan). Let M be a complete Riemann-
ian manifold and pt(x, y) the minimal heat kernel on M . For any two
measurable subsets B1 and B2 of M and t > 0, we have
(1)∫
B1
∫
B2
pt(x, y)dvol(x)dvol(y) ≤
√
vol(B1)vol(B2) exp (−µt) exp
(
−d
2(B1, B2)
4t
)
,
where µ is the greatest lower bound of the ℓ2-spectrum of the Laplacian on
M and d(B1, B2) = infx1∈B1,x2∈B2 d(x1, x2) the distance between B1 and
B2.
Davies firstly proved a lemma of this type in [7] by adpoting the argument
of Gaffney [14]. Li and Yau also proved an earlier version of this lemma in
[23]. Later Grigor’yan proved the lemma in [15] and introduced the term
exp(−µt) on the right hand side which gives the sharp speed of decay of
the heat kernel as t→∞ when µ > 0.
Recently, variants of the Davies-Gaffney-Grigor’yan Lemma were proved
by Bauer, Hua and Yau [2, 3] on graphs.
Weighted graphs are defined to be the set of vertices V and edges E =
{(x, y)|x, y ∈ V } with a measure function m : V ∈ x 7→ mx ∈ (0,∞) and
an edge weight function µ : E 7→ µxy ∈ [0,∞). The measure of any ver-
tices subset A is defined as the sum of measures of vertices, i.e. m(A) =∑
x∈Amx. Intrinsic metrics on graphs were introduced by Frank, Lenz and
Wingert in [13] and a pseudo metric ρ is called intrinsic if
∑
y∈V µxyρ
2(x, y) ≤
mx. The quantity, s := sup{ρ(x, y)|x, y ∈ V, µxy > 0}, where the supremum
1
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is taken over all pairs (x, y) with µxy > 0 is the jump size of an intrinsic
metric ρ.
According to [2, 3],
Theorem 1.1. Let (V, µ,m) be a weighted graph with an intrinsic metric
ρ with finite jump size s > 0. Let A,B be two subsets in V and f, g ∈ ℓ2m
with suppf ⊂ A, suppg ⊂ B, then
|〈et∆f, g〉| ≤ e−λt−ζs(t,ρ(A,B))‖f‖ℓ2m‖g‖ℓ2m
where λ is the bottom of the ℓ2-spectrum of Laplacian and
ζs(t, r) =
1
s2
(rsarcsinh
rs
t
−
√
t2 + r2s2 + t). t > 0, r ≥ 0
Moreover, ∑
y∈B
∑
x∈A
pt(x, y)mxmy ≤
√
m(A)m(B)e−λt−ζs(t,ρ(A,B))
where pt(x, y) is the minimal heat kernel of the graph.
The DGG lemmas can be used to obtain heat kernel estimates and eigen-
value estimates. For instance, in conjunction with the Li-Yau inequality,
pointwise heat kernel estimates were obtained for mainfolds in [22, 23]. And
Chung, Grigor’yan and Yau [5] obtained eigenvalue estimates with DGG
lemma on compact Riemannian mainfolds. Moreover, combining the Har-
nack inequality and the DGG lemma, [2] proved the heat kernel estimates
on graphs satisfying the exponential curvature dimension inequality and
eigenvalue estimates on finite graphs.
In this paper, we prove the DGG Lemma for discrete Hodge Laplacian on
simplicial complexes. Discrete Hodge Laplacians on simplicial complexes
are generlizations of Hodge Laplacian on differential forms which encode
the information of topology and geometry. Horak and Jost [18, 19] obtained
properties of spectra of (discrete) Hodge Laplacians on special simplicial
complexes and effects of constructions on spectrum. In this paper, we con-
sider bounded Hodge Laplacians and related heat kernel to prove the DGG
lemma. For bounded Hodge Laplacian Li, it defines the heat semigroup
{e−tLi}t≥0 which is a family of bounded self-adjoint operators. Then e−tLi
has a heat kernel. We provide one kind of appropriate weight metrics on
simplicial complexes which behave like the intrinsic metrics on graphs and
with this kind of metrics we are able to prove DGG Lemma for the con-
tinuous time heat kernel related to bounded Hodge Laplacian on simplicial
complexes adopting the methods in [3, 6].
We state the DGG lemma on simplicial complexes as follows, for the
precise definitions of the quantities used we refer to Section 2.
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Theorem 1.2. Let (K,w) be an oriented weighted simplicial complex with
an intrinsic metric ρ with jump size s > 0. Let A,B be two subsets in Si(K)
and f, g ∈ ℓ2w acting on i-simplices with suppf ⊂ A, suppg ⊂ B, then
|〈e−tLif, g〉| ≤ e−λt−ζs(t,ρ(A,B))‖f‖ℓ2w‖g‖ℓ2w ,
In particular,
(2) |
∑
F ′∈B
∑
F∈A
pt(F,F
′)w(F )w(F ′)| ≤
√
w(A)w(B)e−λt−ζs(t,ρ(A,B))
where λ is the bottom of the ℓ2-spectrum of bounded Hodge Laplacian Li
and ζs(t, ρ) =
1
s2
(ρsarcsinh ρs
t
−
√
t2 + ρ2s2 + t).
Moreover, by setting A = {F}, B = {F ′}, we obtain an upper bound for
heat kernel between two i-simplicial faces for i = {0, 1, ..., dimK}.
|pt(F,F ′)| ≤ 1√
w(F )w(F ′)
e−λt−ζs(t,ρ(F,F
′))
Remark 1.1. Our result is restricted to bounded Hodge Laplacians. It will
be interesting to know whether it holds for unbounded cases.
2. Simplicial complexes
In this section we introduce the setting and definitions used throughout
this paper. An abstract simplicial complex K on vertices set V is a col-
lection of subsets of V which is closed under incluson, i.e. if F ∈ K and
F ′ ⊂ F , then F ′ ∈ K. An i-face of K is an element of cardinality i + 1,
and we denote the set of all i-faces by Si(K). The dimension of simplicial
complex K is the largest dimension of the faces it contains. For instance,
graphs are 1-dim simplicial complexes and the dimension of empty simplex
is (−1). For two (i+1)-faces with one common i-face, we say that they are
i-down neighbors and two i-faces sharing an (i+1)-face are called (i+1)-up
neighbors.
We say that a face F is oriented if the ordering of its vertices is given
and write as [F ]. Two orderings of its vertices are said to determine the
same or opposite orientation when the related permutation is even or odd
permutation.
A simplicial complex K is called weighted if there is a weight function w
on the set of all faces satisfying
w :
dimK⋃
i=−1
Si(K)→ (0,+∞).
The weight of a face F is w(F ) and the weight of a subset A is the sum of
weights of faces contained in A, i.e. w(A) =
∑
F∈Aw(F ).
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Considering oriented simplicial complexes, the i-th chain group with co-
efficients in R is a vector space over R with basis Bi(K,R) = {[F ]|F ∈
Si(K)}. The cochain group is the dual of the chain group with basis given
by the set of functions {e[F ]|[F ] ∈ Bi(K,R)} where
(3) e[F ]([F
′]) =
{
1 if [F ′] = [F ]
0 otherwise.
We denote the i-th chain group and cochain group by Ci(K,R) and C
i(K,R)
respectively. The coboundary operator δi : C
i(K,R) → Ci+1(K,R) is the
linear map
(δif)(v0, ..., vi+1) =
i+1∑
k=0
(−1)kf(v0, ..., v̂k, ..., vi+1),
where v̂k means that the vertex vk has been omitted. With the weight
function w, inner product on cochain group is given as follows
(f, g)Ci =
∑
F∈Si(K)
f([F ])g([F ])w(F ).
And the adjoint δ∗i : C
i+1(K,R) → Ci(K,R) of the coboundary map δi is
defined such that
(δif, g)Ci+1 = (f, δ
∗
i g)Ci ,
for every f ∈ Ci(K,R) and g ∈ Ci+1(K,R). Eckmann generalized the
graph Laplacian to simplicial complexes and proved the discrete version of
the Hodge theorem [10] which can be formulated as
ker(δ∗i δi + δi−1δ
∗
i−1) ∼= H˜ i(K,R)
for the sequence of linear transformations
...
δi+1← Ci+1(K,R) δi← Ci(K,R) δi−1← ...← C−1(K,R)← 0
where
Li(K) = δ∗i δi + δi−1δ∗i−1
is the i-dimensional Hodge Laplacian.
The operators δ∗i δi and δi−1δ
∗
i−1 are called the i-up and i-down Hodge
Laplace operator and are denoted by Lupi (K) and Ldowni (K) respectively.
Moreover, the operators Lupi (K), Ldowni (K) and Li(K) are self-adjoint and
non-negative.
Let F = {v0, ..., vi+1} be an (i+1)-face of a simplicial complexK and F =
{v0, ..., v̂k, ..., vi+1} be an i-face of F . Then the boundary of the oriented
face [F ] is
∂[F ] =
∑
k
(−1)k[v0, ..., v̂k , ..., vi+1],
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and the sign of [F ] in the boundary of [F ] is denoted by the sgn([F ], ∂[F ])
which is equal to (−1)k. If [F ] is not the boundary of [F ], we say sgn([F ], ∂[F ])
is equal to 0. And for the sake of brevity, we will write sgn([F ], ∂[F ]) as
σFF below.
According to [18, 19], the i-up and i-down Hodge Laplace operators are
given by
(4)
(Lupi )f([F ]) =
∑
F∈Si+1(K):
F∈∂F
w(F )
w(F )
f([F ]) +
∑
F ′∈Si:F 6=F ′,
F,F ′∈∂F
w(F )
w(F )
σFFσF ′F f([F
′])
and
(5) (Ldowni )f([F ]) =
∑
E∈∂F
w(F )
w(E)
f([F ]) +
∑
F ′:F∩F ′=E
w(F ′)
w(E)
σEFσEF ′f([F
′])
where ∂F is the set of all i-faces of F by abuse of notation.
For the degree of an i-face F , it is the sum of the weights of all faces
that contain F in its boundary, that is
degF =
∑
F∈Si+1(K):
F∈∂F
w(F ).
Moreover, if the weight function w on K satisfies
w(F ) = degF
for every F ∈ Si(K) which is not a facet of K, the Hodge Laplace operator
is called the weighted normalized Hodge Laplacian operator. If a simplicial
complex satisfies that there is a positive integer M such that
♯{F ∈ Si(K)|E ∈ ∂F} ≤M <∞
holds for all E ∈ Si−1(K), then the Hodge Laplacian operator Li acting
on functions on i-simplicial faces of oriented simplicial complexes (K,w) is
bounded from l2w to l
2
w if and only if
(∗) b := sup
F∈Sj(K)
1
w(F )
∑
F∈∂F
w(F ) <∞ for j = i, i − 1
Next, we will introduce the following notations for different i-faces F and
F ′.
(1)τFEF ′ :=
w(F )w(F ′)
w(E) .
(2)wupFF ′ :=
{
w(F ), ifF ′, F ∈ ∂F ;
0, otherwise.
(3)wdownFF ′ :=
{
τFEF ′, ifF
′ ∩ F = E;
0, otherwise.
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(4)wFF ′ := w
up
FF ′ + w
down
FF ′ .
(5)Deg(F ) := degF
w(F ) .
For convenience, we extend the notations to the total set Si(K)×Si(K),
such that τFEF = w
up
FF = w
down
FF = wFF = 0. And we write F ∼ F ′ if
wFF ′ 6= 0 holds. Also for simplicity, we will omit “[ ]” for oriented faces in
the following.
Lemma 2.1 (Green’s formula). Let Li be the bounded Hodge Laplacian
operator. Then for all f, g ∈ ℓ2w acting on i-simplices
(Lif, g) = (δif, δig) + (δ∗i−1f, δ∗i−1g)
In particular,∑
F∈Si(K)
(Lif)(F )g(F )w(F ) =
∑
F∈Si(K)
f(F )g(F )(
∑
F∈∂F
w(F ) +
∑
E∈∂F
τFEF )
+
∑
F 6=F ′
f(F ′)g(F )(w(F )σFFσF ′F + τFEF ′σEFσEF ′)
Proof. By direct computation
(Lif, g) = (δif, δig) + (δ∗i−1f, δ∗i−1g)
=
∑
F∈Si+1(K)
∑
F,F ′∈∂F
σFFσF ′F f(F )g(F
′)w(F )
+
∑
E∈Si−1(K)
∑
F,F ′∈Si(K)
σEFσEF ′τFEF ′f(F )g(F
′)
=
∑
F∈Si(K)
f(F )g(F )(
∑
F∈∂F
w(F ) +
∑
E∈∂F
τFEF )
+
∑
F 6=F ′
f(F ′)g(F )(w(F )σFFσF ′F + τFEF ′σEFσEF ′)

In this subsection, we introduce a kind of metrics on simplicial complexes
which could be viewed as generalizations of the intrinsic metrics on graphs
introduced in [13]. Indeed, intrinsic metrics on graphs have been applied
successfully to various problems, see [1, 4, 11, 12, 16, 20, 21].
Definition 2.1 (Intrinsic metric). A pseudo metric ρ is called an intrinsic
metric with respect to a simplicial complex (K,ω) if for all F ∈ Si(K)
(6)
∑
F ′∈Si(K)
wFF ′ρ
2(F,F ′) ≤ w(F ).
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Remark 2.1. In our setting, there always exists an intrinsic metric on a
weighted simplicial complex, see Definition 2.2 mimicking the definition
introduced by Huang [17]. In general, intrinsic metrics are not unique.
Definition 2.2. We define a function µ(F,F ′) by
µ(F,F ′) =min

√√√√ w(F )∑
F ′
wFF ′
,
√√√√ w(F ′)∑
F ′′
wF ′F ′′
, 1

for all pairs (F,F ′) satisfying wFF ′ 6= 0. It naturally induces a metric for
different i-dim simplicial faces of (K,ω) by
ρ(F,F ′) := inf
{∑
µ(Fj , Fj+1) : F0 = F, ..., Fj , ..., Fm = F
′, s.t. ∀0 ≤ j ≤ m,Fj ∼ Fj+1
}
.
where the infimum is taken over all such chains F0 = F, ..., Fj , ..., Fm = F
′
of i-faces between F and F ′ with wFjFj+1 6= 0 . If there is no such chain
between F and F ′, we define ρ(F,F ′) = ∞ and ρ(F,F ) = 0 for the same
i-dim simplicial face.
It is obvious that the above metrics do satisfy the condition (6).
Remark 2.2. The intrinsic metric on graphs in [17] is defined as follows:
δ(x, y) = inf
x=x0∼...∼xn=y
n−1∑
i=0
(Deg(xi) ∨Deg(xi+1) ∨ 1)−
1
2 , x, y ∈ X
When the intrinsic metric defined in (2.2) applied to graphs, there is
ρ(x, y) = δ(x, y)
For bounded Hodge Laplacian satisfying (∗), there is a kind of canonical
intrinsic metric analogous to the combinational distance on graphs.
Definition 2.3. We can define another form of intrinsic metric between
F,F ′ ∈ Si(K) by
ρ(F,F ′) =
{
inf
∑
µ(Fj ,Fj+1)
(i+1)
√
b
, ifF 6= F ′;
0, ifF = F ′.
where the infimum is taken over all such chains F0 = F, ..., Fj , ..., Fm = F
′
of i-faces between F and F ′ with wFjFj+1 6= 0. If there is no such chain
between F and F ′, we define ρ(F,F ′) =∞. And
µ(Fj , Fj+1) =
{
1, ifwFjFj+1 6= 0;
0, otherwise.
We will show the above metric is also an intrinsic metric.
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Proof. It is easy to see that
ρ(F,F ′) ≤ 1
(i+ 1)
√
b
, wFF ′ 6= 0
such that ∑
F ′∈Si
wFF ′ρ
2(F,F ′)
≤ 1
b(i+ 1)2
(i+ 1) ∑
F∈∂F
w(F ) +
∑
E∈∂F
∑
F ′ 6=F
τFEF ′

≤ 1
b(i+ 1)2
(
(i+ 1)bw(F ) + w(F )
∑
E∈∂F
bw(E)− w(F )
w(E)
)
≤ w(F )

Remark 2.3. For graph case, the normalized Laplacian must satisfy (∗)
while for higher dimensional simplicial complexes, the normalized Hodge
Laplacian operator may not satisfies (∗). So for normalized Hodge Lapla-
cian on higher dimensional simplicial complexes, the metric defined in Def-
inition 2.3. may be not suitable.
The jumps size s of a pseudo metric ρ is given by
s := sup{ρ(F,F ′) | F,F ′ ∈ Si(K), F ∼ F ′} ∈ [0,∞].
If there is no F and F ′ satisfying wFF ′ 6= 0, it is reasonable to define
s = ∞. From now on, ρ always denotes an intrinsic metric and s denotes
its jump size. A function f : Si(K)→ R is Lipschitz (w.r.t.the metric ρ) if
|f(F )− f(F ′)| ≤ κρ(F,F ′) for any F,F ′ ∈ Si(K). The minimal constant κ
that satisfies the above inequality is called the Lipschitz constant of f and
suppf means the maximal set of simplicial faces F satisfying f(F ) 6= 0, i.e.
suppf = {F |F ∈ Si(K), f(F ) 6= 0}.
3. Proof of main theorem
Let (K,w) be an oriented weighted simplicial complex.
Definition 3.1. We say u : [0,∞) × Si(K)→ R solves heat equation if
(7)
{
∂
∂t
u(t, F ) = −Liu(t, F ),
u(0, F ) = f(F ).
The heat kernel, pt(F,F
′), is defined as the solution with the initial condi-
tion f(F ) = 1
w(F ′)δF ′(F ). For a general initial data f(F ), the solution can
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be written as
u(t, F ) =
∑
F ′∈Si(K)
pt(F,F
′)f(F ′)w(F ′).
The integral maximum principle on Riemannian manifolds was intro-
duced by Grigor’yan [15]. We prove a variant of the integral maximum
principle on simplicial complexes.
Lemma 3.1. Let (K,w) be an oriented weighted simplicial complex with an
intrinsic metric ρ with jump size s > 0, and ζ be a bounded Lipschitz func-
tion on i-simplices with the Lipschitz constant κ. Let f : [0,∞)×Si(K)→ R
solve the heat equation on K and λ be the first eigenvalue of the bounded
Hodge Laplacian. Set
E(t) :=
∑
F∈Si(K)
f2(t, F )eζ(F )w(F ).
Then
exp
(
2λt− 2
s2
(cosh(
κs
2
)− 1)t
)
E(t)
is nonincreasing in t ∈ [0,∞).
Proof. From dominated convergence theorem,
E′(t) = 2
∑
F∈Si(K)
f(t, F )∂tf(t, F )e
ζ(F )w(F )
Since f solves the heat equation and together with Green’s formula, we
obtain
E′(t) = −2
∑
F∈Si(K)
f2(F )eζ(F )
∑
F∈∂F
w(F )− 2
∑
F∈Si(K)
f2(F )eζ(F )
∑
E∈∂F
τFEF
− 2
∑
F 6=F ′
f(F )f(F ′)eζ(F )σFFσF ′Fw(F )
− 2
∑
F 6=F ′
f(F )f(F ′)eζ(F )σEFσEF ′τFEF ′
= −2
∑
F∈Si(K)
f2(F )eζ(F )
∑
F∈∂F
w(F )− 2
∑
F∈Si(K)
f2(F )eζ(F )
∑
E∈∂F
τFEF
−
∑
F 6=F ′
f(F )f(F ′)σFFσF ′Fw(F )(e
ζ(F ) + eζ(F
′))
−
∑
F 6=F ′
f(F )f(F ′)σEFσEF ′τFEF ′(eζ(F ) + eζ(F
′))
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Moreover
E′(t) = −2(Life
1
2
ζ , fe
1
2
ζ) + 2(Life
1
2
ζ , fe
1
2
ζ) + E′(t)
= I + II
where I = −2(Life 12 ζ , fe 12 ζ), II = 2(Life 12 ζ , fe 12 ζ) + E′(t)
For the first term, by the Rayleigh quotient of the first eigenvalue,
I ≤ −2λ
∑
f2eζw.
For the second term, using the Green’s formula again
II =
∑
F∈Si(K)
2f2(F )eζ(F )(
∑
F∈∂F
w(F ) +
∑
E∈∂F
τFEF )
+ 2
∑
F 6=F ′
f(F ′)f(F )e
1
2
ζ(F )+ 1
2
ζ(F ′)(w(F )σFFσF ′F + τFEF ′σEFσEF ′)
− 2
∑
F∈Si(K)
f2(F )eζ(F )
∑
F∈∂F
w(F )− 2
∑
F∈Si(K)
f2(F )eζ(F )
∑
E∈∂F
τFEF
−
∑
F 6=F ′
f(F )f(F ′)σFFσF ′Fw(F )(e
ζ(F ) + eζ(F
′))
−
∑
F 6=F ′
f(F )f(F ′)σEFσEF ′τFEF ′(eζ(F ) + eζ(F
′))
= −
∑
F 6=F ′
f(F )f(F ′)σFFσF ′Fw(F )(e
1
2
ζ(F ) − e 12 ζ(F ′))2
−
∑
F 6=F ′
f(F )f(F ′)σEFσEF ′τFEF ′(e
1
2
ζ(F ) − e 12 ζ(F ′))2
= −
∑
F 6=F ′
f(F )f(F ′)σFFσF ′Fw(F )e
1
2
ζ(F )+ 1
2
ζ(F ′)(e
1
4
ζ(F )− 1
4
ζ(F ′) − e 14 ζ(F ′)− 14 ζ(F ))2
−
∑
F 6=F ′
f(F )f(F ′)σEFσEF ′τFEF ′e
1
2
ζ(F )+ 1
2
ζ(F ′)(e
1
4
ζ(F )− 1
4
ζ(F ′) − e 14 ζ(F ′)− 14 ζ(F ))2
Because 2(cosh x−y2 − 1) = (e
1
4
x− 1
4
y − e 14 y− 14x)2, then
II = −2
∑
F 6=F ′
f(F )f(F ′)σFFσF ′Fw(F )e
1
2
ζ(F )+ 1
2
ζ(F ′)
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
− 2
∑
F 6=F ′
f(F )f(F ′)σEFσEF ′τFEF ′e
1
2
ζ(F )+ 1
2
ζ(F ′)
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
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≤
∑
F 6=F ′
w(F )(f2(F )eζ(F ) + f2(F ′)eζ(F
′))
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
+
∑
F 6=F ′
τFEF ′(f
2(F )eζ(F ) + f2(F ′)eζ(F
′))
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
From the symmetry of equation in F and F ′,
II ≤ 2
∑
F 6=F ′
w(F )f2(F )eζ(F )
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
+ 2
∑
F 6=F ′
τFEF ′f
2(F )eζ(F )
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
= 2
∑
F 6=F ′
f2(F )eζ(F )
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
(wupFF ′ + w
down
FF ′ )
= 2
∑
F 6=F ′
f2(F )eζ(F )
(
cosh
ζ(F )− ζ(F ′)
2
− 1
)
wFF ′
We claim that for any F and F ′ with wFF ′ 6= 0,
cosh
ζ(F )− ζ(F ′)
2
− 1 ≤ ρ2(F,F ′) 1
s2
(cosh
κs
2
− 1).
It suffices to consider F ∼ F ′ with ρ(F,F ′) > 0. Since ζ is a Lipschitz
function with Lipschitz constant κ,
cosh
ζ(F )− ζ(F ′)
2
− 1
≤ cosh κρ(F,F
′)
2
− 1 = ρ2(F,F ′)cosh
κρ(F,F ′)
2 − 1
ρ2(F,F ′)
≤ ρ2(F,F ′) 1
s2
(cosh
κs
2
− 1),
where we used the monotonicity of the function
t 7→ 1
t2
(cosh
κt
2
− 1), t > 0,
and the definition of jump size s of the metric ρ. This proves the claim.
Hence by this claim
II ≤ 2
∑
F 6=F ′
wFF ′f
2(t, F )eζ(F )ρ2(F,F ′)
1
s2
(cosh
κs
2
− 1)
≤ 2
s2
(cosh
κs
2
− 1)
∑
F
f2(t, F )eζ(F )w(F ),
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where we used that ρ is an intrinsic metric. Combining the estimates for
the terms I and II, for any t ≥ 0,
E′(t) ≤ (−2λ+ 2
s2
(cosh
κs
2
− 1))E(t).
which shows
exp
(
2λt− 2
s2
(cosh(
κs
2
)− 1)t
)
E(t)
is nonincreasing in t ∈ [0,∞). 
Given s > 0, for any fixed t > 0 and r ≥ 0, we denote
(8) ζs(t, r) = − inf
κ>0
(
1
s2
(cosh
κs
2
− 1)t− κ
2
r
)
.
It is easy to see that the infinium is attained at κ0 =
2
s
arcsinh rs
t
and
(9) ζs(t, r) =
1
s2
(
rsarcsinh
rs
t
−
√
t2 + r2s2 + t
)
.
Note that ζs(t, r) = ζ(
t
s2
, r
s
), where ζ(t, r) = rarcsinhr
t
− √t2 + r2 + t.
The function ζ(t, r) was already used by Davies, Pang, Delmotte to obtain
eatimates of heat kernel [8, 9, 24].
Moreover, according to [9]
(10)
{
ζ(t, r) ≤ r22t , for t ≥ 0
ζ(t, r) ≥ h arcsin(h−1) r22t , for t ≥ hr.
Now, we are ready to prove the DGG lemma on simplicial complexes.
Proof. Denote r = ρ(A,B). For any κ > 0, define ζ(F ) = κρ(F,A) ∧
(κρ(A,B) + 1), F ∈ Si(K). Then ζ is a Lipschitz function with Lipschitz
constant at most κ and for any function g on i-simplices∑
B
|g|2eζw ≥ eκr
∑
B
|g|2w.
For f ∈ ℓ2w, let f(t, F ) = e−tLif(F ). Then the above inequality for g(·) =
f(t, ·) and Lemma 3.1 yield∑
F∈B
|f(t, F )|2w(F ) ≤ e−κrE(t) ≤ exp
(
−2λt+ 2
s2
(cosh
κs
2
− 1)t− κr
)
E(0)
= exp
(
2(−λt+ 1
s2
(cosh
κs
2
− 1)t− κ
2
r)
)∑
A
f2w,
where we used that suppf ⊂ A. For fixed s, t > 0 and r ≥ 0, choose suitable
κ such that the following function
R
+ ∋ κ 7→ 1
s2
(cosh
κs
2
− 1)t− κ
2
r
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attains the minimum. Then by (8) and (9) we have∑
B
|f(t, F )|2w ≤ e2(−λt−ζs(t,r))
∑
A
|f |2w.
That is, for all f ∈ ℓ2(A,w),
sup
g∈ℓ2(B,w)
‖g‖
ℓ2w
=1
|〈e−tLif, g〉|2 =
∑
B
|e−tLif |2w ≤ e2(−λt−ζs(t,r))‖f‖2ℓ2w .
This proves the theorem. 
Using the properties of ζ, (10), we obtain the following corollary.
Corollary 3.1. Let pt(F,F
′) be the minimal heat kernel of the simplicial
K and h > 0. Then there exists a constant C(h, s) such that for any two
subsets A,B ⊂ Si(K), t ≥ shρ(A,B),
(11)
|
∑
F ′∈B
∑
F∈A
pt(F,F
′)w(F )w(F ′)| ≤
√
w(A)w(B) exp (−λt) exp
(
−Cρ
2(A,B)
4t
)
Noting that for the bounded Hodge Laplacian with b < ∞, from Defi-
nition 2.3, the corresponding jump size s is equal to 1
(i+1)
√
b
. And we have
the following corollary.
Corollary 3.2. For a simplicial complex K with the quantity b < ∞, the
continuous heat kernel satifies:
|pt(F,F ′)| ≤ 1√
w(F )w(F ′)
e
−λt−ζ 1
(i+1)
√
b
(t,ρ(F,F ′))
.
where ρ is the distance defined in Definition (2.3).
When applied to graphs with the normalized Laplacian, the above corol-
lary implies the Davies’s heat kernel estimate, [3, Corollary 1.2].
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